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(a) Let a,b,c be the positive real numbers such that a2  b2  c2  2abc  1.
Show that there exists an acute triangle ABC such that
a  cosA,b  cosB,c  cosC.

(b) Let a,b,c  0 with a2  b2  c2  2abc  1. Show that there are
A,B,C  0,π/2 with a  cosA,b  cosB,c  cosC,and A  B  C  π.
Solution by Arkady Alt, San Jose,California, USA.
First note that if a,b,c  0 (case (b)) then a2  b2  c2  2abc  1 implies a,b,c  1
and, therefore, angles  : arccosa,  : arccosb, : arccosc belongs to 0,/2.
If a,b,c  0 (case (a)) then a2  b2  c2  1 implies a,b,c  1 and we have
a,b,c  0,1  ,,  0,/2.
In both cases equation a2  b2  c2  2abc  1 becomes equivalent to equation
(1) cos2  cos2  cos2  2coscoscos  1,
where ,,  0,/2 in the case (a) and ,,  0,/2 in the case case (b).
We have cos2  cos2  cos2  2coscoscos  1 
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we obtain

(1) 4cos  cos    cos    cos    0.
In the case (a) since cos  , cos  , cos    0 (because ,,  0,/2
implies   ,  ,     /2,/2) we obtain that (1) cos  0 
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Thus, in this case exists an acute triangle ABC such that A,B,C  ,,.
Consider now case (b).
Since in this case if, for example, b  0 and c  0 then a  1 and, therefore,
      .
If only one of the numbers a,b,c equal zero, let it be c  0 then   /2 and
a2  b2  1 implies a,b  0,1  ,  0,/2 and, therefore,
  ,  ,     /2,/2,   0,3/4.
Thus, (1) cos  0         again.


